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Nonlinear problems associated with electron whistler waves are of recent interest in astrophysicall and laboratory2 plasmas. In particular, it was well that a large-amplitude electron whistler wave can become modulationally unstable with respect to magnetohydrodynamics (MHD) and ion-acoustic perturbations. It has been found that the dynamics of the modulated whistler wave packet is governed by a nonlinear Schrodinger equation, and the wave packet can form an envelope soliton structure. In general, the large-amplitude whistler wave become self-focusing modulation-unstable, while the frequency of whistler wave is less than half of electron gyr~frequency.~ However, in these researches, only electron term contribution has been taken into account in the linear dispersion relation of whistler wave, it will be unsuitable for whistler wave in the region of low frequency, i.e., wci < w << wee, where wci and wce axe ion and electron gyrofrequency, respectively. In this letter, we consider both the ion and the electron term contributions in the linear dispersion relation of whistler wave. The results show that the necessary condition for self-focusing modulation instability would be changed, only lowfrequency perturbation wave with a limited pitch angle can induce the modulation instability.
Recently, some envelope soliton structures with the frequency in the region of wci < w << U,, has been observed in the ionosphere by CRIT JI r~c k e t .~ It can be explained by the model of whistler wave self-focusing modulation instability.8
Consider a homogeneous plasma in a uniform ambient magnetic field Bo along the z direction. For one-dimensional whistler plane waves propagating along the z direction, we assume further the waves perturbation to be limited in the plane (x,z). The electric field of a highfrequency wave can be written as
where E ( z , z , t ) is a slowly varying amplitude. For a right circularly polarized whistler wave considered here, E = E, -i Ey. In the case of a low-frequency whistler wave, w,i < w << wce, the ion term contribution cannot be neglected in the linear dispersion relation of cold whistler wave, but the constant term can be neglected. It can be expressed as
where a = w/w,; and Q = wce/wci; obviously, Q >> a in the region of low-frequency whistler waves. It can be readily obtained that
Usually, the perturbation of low-frequency waves can be well described by low / 3 MHD equations with the pondermotive force of high-frequency waves. We obtain that the frequency shift A w may be expressed as with kv R G ( Q , K ) = *N2v:[O2K2d;
Here R and K are the frequency and wave vector of a low-frequency modulation wave. It is readily obtained from Eq. ( 6 ) that A w is proportional to the square of the electric field by means of the pondermotive force of high-frequency waves. Therefore, the equation is a two-dimensional nonlinear Schrodinger eguation for whistler wave propagation.
Using the standard technique of parametric analysisg to Eq. (l), we obtain the nonlinear dispersion relation for electromagnetic modulational instability in the case of low p limit. The result is
In the following, by means of nonlinear dispersion relation of Eq. (9), the necessary condition of modulation instability can be divided into four different cases to be discussed. It is worthy to notice that all of the d l , d2, d3, and vg, U;, T are positive in the frequency region w,; < w << w,,.
(a) The case K , = 0. It corresponds to the longitudinal self modulation, Equation ( self-focusing modulation. Equation (9) can be simplified to
The necessary condition for this instability is T > 0. This condition is satisfied in the region of (c) The general case, 0 = Or + i Q with fIr = vgKz and IL' i I << Or. Equation ( ' where 8 is the pitch angle between the magnetic field and the low-frequency wave vector. The modulation instability occurs in the hatched region in Fig. 1 . It is quite different from the necessary condition of modulation instability in the frequency region of w,i << w < w,,, which has been shown in Fig. 2(a) in Ref. 5 . In the latter frequency region, cos8 does not depend on the wave frequency and does not have a lower limit. To satisfy the condition of modulation instability in cases (b) and (c), a large wave amplitude ]El2 is required. (d) The case D( 0 , K ) = C. It corresponds to the three-wave resonance coupling, in which occurs a beat frequency modulation, which has been discussed by Carins et a1.l' in detail, so it will not be repeated here. Based on the above theoretical analysis, we think that the transverse and approximate transverse low-frequency wave perturbation [cases (b) and (c)] can induce a self-focusing modulation instability. However, the pitch angle of the perturbation wave vector has a limited region for modulation instability of a low-frequency whistler wave.
